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At the turn of the 20th century, set-theoretic concepts became
central to many areas of mathematics.

But these concepts give rise to paradoxes.

Frege’s axiomatization of arithmetic turned out to be
inconsistent, due to its endorsement of unrestricted
comprehension.

ZFC was developed to avoid these paradoxes.

But does it?
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Hilbert’s vision:

Provide finitary consistency proofs for ZFC and other
foundational theories.

All we need to show is that L is not provable from the axioms.
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¢/

Godel's Second Incompleteness Theorem (1931):
No sufficiently powerful and consistent axiomatic theory can

prove its own consistency.

Therefore: If ZFC is consistent then no theory weaker than ZFC
can prove the consistency of ZFC.
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The Second Incompleteness Theorem

Theorem 8.3

All recursive functions and relations are representable in every
extension of Q.

Let Prfp, be the relation that holds between nand miffn
codes a PA-proof of the sentence coded by m.

By Theorem 8.3, there is a formula PRFp (X, y) such that for all
natural numbers n and m,

(i) If Prfpa(n, m), then Fpy PRFpa (N, M);
(i) If not Prfpa(n, m), then -py —PRFpa (N, M).

Define PROVpA (X) @s IX PRFpa (¥, X).
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The Diagonal Lemma
For every PA-formula A(x), there is a sentence G such that
Fpa G <+ A(TGY).

Apply the diagonal lemma to —PROVp4 (X).

This gives us a sentence G such that -py G <> =PROVpA ("G™).
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Half of Godel’s First Incompleteness Theorem
If PA is consistent, then PA does not prove G.

Suppose PA proves G.

Then it proves —PROVpA ("G™) because it proves
G <> =PROVpA ("GT).

But also, there is a proof of G, coded by some number n.
So Pripa(n,"G™) holds.
So PA proves PRFpa (N,7G™),

So PA proves PROVpa ("G™).

So PA is inconsistent.



The Second Incompleteness Theorem

Half of Godel’s First Incompleteness Theorem
If PA is consistent, then PA does not prove G.

We can translate this into £4:
—PROVpA (TL7) — —PROVpA (TGT)
This sentence is provable in PA.
Suppose PA proves —PROVp (" LT).
Then it proves —PROVpA ("G™).

So it proves G.

So it is inconsistent.
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Provability Logic

—PROVpA (" L7) — —PROVpA("GT)

-01 — =0aG.

This is provable in any theory in which the box satisfies the
Hilbert-Bernays-Lob conditions:

P1 Iftr A, then Fr DA
P2 +rO(A — B) — (JA — OB).
P3 ;DA — O0A.



Provability Logic

P1 If 1 A, then 7 CA.
P2 Fr (A — B) — (DA — OIB).
P3 A — OJOA.

Lob’s Theorem
If /1 DA — A, then -1 A, provided that the box satisfies P1-P3.



Provability Logic

The full logic of provability:

Nec Ift1 A, then 1 DA

K  +FrOA— B) — (JA — OB).
4 Fr A — OOA.

GL 7 O(0A — A) — DA,
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In class there is a preview of the exam here.
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