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Theories



A (first-order) theory T is a set of sentences closed under
entailment.

Notation: T+ A (synonym of A € T).
By completeness, THAIff T = A.

T is axiomatized by ' iff T= {A: T+ A}.



Arithmetic



Arithmetic

Language of first-order arithmetic
e Symbols: 0, s, +, x.

All computable number-theoretic properties and relations are
definable from 0, s, +, x.

e x<yiff 3z(x+s(z) = y).
e tis prime iff
s(0) <tAVy(3z(zxy=1t) = (y=s(0) vy =t)).



Arithmetic

Robinson’s Q:

Q1 XYy (s(X) =s(y) = x=Y)
Q2 VxO0 # s(x)

Q3 Yx(x#0— Jyx=s(y))

Q4 Yx(x+0=Xx)

Q5 XYy (x+s(y) =s(x+Vy))
Q6 Vx(xx0=0)

Q7 VYXVy(xxs(y) = (XxYy)+Xx)



Arithmetic

First-Order Peano Arithmetic (PA):

Q1
Q2
Ind
Q4
Q5
Q6
Q7

VXYY (S(X) =s(y) = x=Y)

VX0 # s(x)

A(0) A VX (A(X) = A(S(X))) — VXA(X)
VX (X + 0 =Xx)

Vxvy (X +s(y) = s(x+))

VX (x x 0=0)

XYy (X x s(y) = (X X ¥) + X)



Arithmetic

Second-Order Peano Arithmetic (PA2):

Q1
Q2
Ind2
Q4
Q5
Q6
Q7

VXYY (s(x) =s(y) = x=Y)

VX0 # s(x)

VX(X(0) AWy (X(y) = X(s(¥))) = VY X(y)
VX (X +0=X)

VXYY (X +5(y) = s(x +Y))

VX (x x 0=0)

VXYY (X X S(Y) = (X X y) + X)



Arithmetic

Nonstandard models of Q and PA (and Th(2())

o Add a new constant c and sentences
¢ #0, ¢ #5(0), ¢ #5(s(0)),...
e Every finite subset has a model.

e By compactness: there is a model of Q/PA/Th(2() where ¢
is not any s"(0).

No first-order theory can exclude extra elements beyond the
standard 0,1,2,....



Arithmetic

No nonstandard models of PA2

The second-order Induction axiom excludes nonstandard
elements:

VX(X(0) A VY (X(y) = X(s(y))) — Yy X(y)
Let X(y) <= VZ(Z(0) AVXx(Z(x) — Z(s(x))) — Z(y)

All models of PA2 are isomorphic.

Compactness fails in second-order logic.



Arithmetic

Godel's First Incompleteness Theorem

Every consistent, computably axiomatizable extension T of Q
is incomplete: there is a sentence G such that neither T+ G
nor T+ —G.

e Q, PA, PA2 are all computably axiomatizable; Th(2() is not.

e Q, PA, PA2 are all incomplete; Th(2() is complete.

e But PA2 = Aforall A € Th(2) (all models of PA2 are
isomorphic to ).

e S0 PA2 = G or PA2 |= -G, even though PA2 I/ G and PA2
I/ —G.

e So second-order logic has no sound and complete proof
system.



Set Theory




Set Theory

The cumulative hierarchy vV

o Vog=0
o Vi = P(V()) = {@}
o Vo =P(\V1)={2,{2}}

® V"J - Uk<w Vk
L4 Vw+1 = P(Vw)

o Viyw = Un<w Viotn

e At limit ordinals A: Vy = {J, Va-



Set Theory

Language and contextual definitions
e Non-logical symbol: €;

Define @ via:

o A(@) iff Ix(Vy -y € x NA(X)).



Set Theory

ZFC axioms:

Z1  Extensionality: VxVy(Vz(zex <z €y) = X =)

Z2  Separation (schema): Vy3zvx(x € z <+ (x € y AA(X)))

Z3  Empty set: IxVy(y ¢ X)

Z4  Union: Vx3uvy(y e u <» 3z(ze XAy € z))

Z5  Power set: VxdpVy(y e p <>y C X)

Z6  Pairing: VxVy3zw(ve z+ (v=xVv=yY))

Z7  Infinity: Ix(o € x AVY(y € x = yU{y} € X))

Z8  Foundation: Vx(x £ @ — Jy(y eXAXNY = D))

79 Replacement (schema): if A defines a function whose
domain is a set, then its image is a set.

Z10 Choice: from any set of nonempty sets, there is
a choice function selecting one element from each.



Sets and Numbers




Sets and Numbers

Von Neumann ordinals

e 0 =g,
e 1={0}={g},
e 2=1{0,1} = {2,{2}},

e ..

Successor: s(x) = x U {x}.

PA is interpretable in ZFC: every PA axiom translates to a
theorem of ZFC.



Sets and Numbers

Von Neumann ordinals

e =0,
1=A{0} = {a},
2= {071} = {@, {@}}'

w=1{0,1,2,...}
wt+1=1{0,1,2,...,w}
w+2={0,1,2,...,w,w+ 1}

w-2=40,1,2,...,w,w+Lw+2,...}

An ordinal is any set that is transitive and e-ordered.



Sets and Numbers

Cardinals as ordinals

The cardinality of a set X is the least ordinal equinumerous
with X.

e 0=0=0

. {2} =1={2}
o IN=Ny=w

o [P(N)| > w



Sets and Numbers

Cardinals as ordinals

o IN=Ny=w
o [PN)|>w
The Continuum Hypothesis (CH): [P(N)| = ¥4

e Godel (1938): ZFC ¥ —CH (if ZFC consistent).
e Cohen (1963): ZFC ¥ CH (if ZFC consistent).
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